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Abstract. We give a cluster algebraic interpretation of complex volume of knots. 
Constructed is the R-operator in terms of the cluster mutations, and we clarify a cor- 
respondence between the cluster variables and the 3-dimensional hyperbolic geometry. 



1. Introduction 

Geometrical property of quantum invariants receives renewed interests since proposed 



is the volume conjecture [13|,ll7|, which suggests a relationship between the colored Jones 



^ ■ polynomial and the hyperbolic volume of knot complements. As quantum invariants of 

>-^ ■ knots such as the colored Jones polynomial are constructed by use of the Artin braid 

■^ ■ relation, it is interesting to study a hyperbolic geometrical solution of the braid relation. 

A fundamental object in the 3-dimensional hyperbolic geometry is an ideal tetrahe- 
dron, whose complex volume, i.e., a complexification of hyperbolic volume, is written in 



terms of the extended Rogers dilogarithm function 20|. On the other hand, the cluster 



v^ ■ algebra has been developed recently since the pioneering work [6j, and there exist many 

[^ ■ applications including representation theory, Teichmiiller theory, integrable systems and 

'nJ" ■ so on. The dilogarithm function plays an important role also in the cluster algebra [4, [l9| . 

O ■ Purpose of this article is to give a cluster algebraic interpretation of complex volume 

m 



X- 

Vh ■ mutation (Theorem l2.3l) . which can be geometrically regarded as a hyperbolic octahedron 

- ■ ■ composed of four ideal tetrahedra. Via the R-operator, a knot with the braid group 

presentation is written in algebraic equations for cluster variables. Our main claim is 

Theorem 13. 11 which gives a formula of complex volume in terms of cluster variables. Our 



of knots. In our previous paper [9(, we gave an interpretation of the cluster mutation 
as a hyperbolic ideal tetrahedron, and we proposed a method to compute the complex 
volume of 2-bridge knots. In this article, we construct the R-operator using the cluster 



construction can be naturally quantized with a help of the quantum cluster algebra 10 



This paper is organized as follows. In section 2, after explaining minimal basics of 
cluster algebra, we introduce the R-operator. In Section 3, we interpret the R-operator 
in hyperbolic geometry, and formulate the complex volume of knots at Theorem 13. 1[ 
Some examples of numerical calculation are presented in section 4. 



Date: April 17, 2013. 



2 K. HIKAMI AND R. INOUE 

2. Cluster Algebra and Braid Relation 

2.1 Cluster Variable 

We briefly introduce a notion of cluster algebra used in this article. A basic reference 
is 0. 

A cluster seed {x, B) is a pair of 

• a cluster variable x = {xi, . . . ,xn)'- an A-tuple of algebraically independent 
variables, 

• an exchange matrix B = (bij): an N x N skew symmetric integer matrix. 

For each k = 1, . . . ,N, we define the mutation /i^ of (a:;, B) by 

fXk{x,B) = {x,B), (2.1) 

where 



X = [xi, . . . ,xn) is 

f 

Xj, for i 7^ fc, 



Xi = < 



^ n -/" + n -."" I fo- = fc, 



(2.2) 



Xk , 

\j-bjk>0 j-bjk<0 



B = ik,) is 

—bij, ioY i = k or j = k, 

hi = { I, I, , , I, I (2.3) 

■' ' , \bik\bkj + bik \bkj\ ,, . 

bij + ■ ■ -, otherwise. 

The pair (x, B) is again a cluster seed. We remark that the mutation /ifc is involutive, 
and that we have /ij ^k{x, B) = fik fJ'j{x, B) if bjk = 0. 

In terms of the cluster variable x, we introduce the y- variable, y = (yi, ...,?/ at), 
defined by [TJ 

%=n^^- (2-4) 

k 

The mutation yU^ acts on the y-variable as 

fikiy,B) = {y,B), ^ (2.5) 

where B is (12. 3p . and y = (jji, . . . , yj\f) with yj = Yl^ x^, ^^ is given by 

y^r^, for i = k, 

'yi='\y^{^ + yk'T''"^ for ^ ^ A;, 6^, > O, (2.6) 

^yi{l + yk)"^"' , for i 7^ k, bki < 0. 
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2.2 R-operator 



We set the exchange matrix B as 



B 



(^ 


1 


-1 











o\ 


'-1 








1 











1 








-1 














-1 


1 





1 


-1 














-1 








1 











1 








-1 


^0 











-1 


1 


0/ 



By regarding the matrix element as 

hij = 7^ {arrows from i to j} — ^^ {arrows from j to i} 



(2.7) 



(2i 



exchange matrix B corresponds to quiver, which is dual to triangulated surface (see, 



e.g., [5|). In our case ( \2.7\i . we have the quiver and the triangulated surface depicted in 

Fig.m 





7 7 

Figure 1. Quiver and triangulated surface 



Definition 2.1. We define the R-operator by 

R = ^3,5 S2,5 53^6 ^4 /i2 /ie /^4- 



(2.9) 



Here we have used the permutation Sj. of subscripts i and j in seeds. 



^^,Jy 



, Xj, . . . , Xj, 



, Xj , . . . , X j , 



Actions on the exchange matrix are defined in the same manner. Note that we have 

R""^ = 53,6^2,5 S3,5/^4/i5Ai3/^4- (2-10) 



The permutations are included in the R-operator so that the exchange matrix B (12. 7p 
is invariant under R. Explicitly we have 

R±^(a.,B) = (R±^(^),B), (2.11) 



4 

where 



R{x) 
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Xi \ 

Xi X3 X5 + X3 0:4 X5 + Xi X2 Xg 
X2 X4 

xi xs X4 0:5 + X3 x^ X5 + xi X3 X5 X7 + X3 X4 X5 X7 + xi X2 xe X7 

X2 X4 Xg 
3^3 Xi X5 + X3 X5 X7 + X2 Xg X7 

X4Xg 
Xl 



( 



R^'fccl 



Xi 

a^i 3:3 X5 + xi X2 Xg + X2 X4 Xg 







X3 X4 






Xg 


Xi 


X2 X4 Xg + X2 


^l a^6 + X\ 3^3 2^5 X7 + Xi X2 Xg X7 + X2 X4 Xg X7 






X3 X4 X5 






^2 






X2 X4 Xg + X3 X5 X7 + X2 Xg X7 



\ 



X4 X5 

X7 



/ 



(2.12) 



Correspondingly, actions of the R-operator, (I2.9P and ( I2.10p . on the |/- variable are 
respectively given as follows: 

/ 2/1 (1+2/2 + 2/22/4) \ 

2/2 2/4 2/5 2/6 



R(?/) 



1 + 2/2 + 2/6 + 2/2 2/6 + 2/2 2/4 2/6 
1+2/2 + 2/6 + 2/2 2/6 + 2/2 2/4 2/6 


2/2 2/4 
2/4 


(1 + 2/2 + 2/2 2/4) (1 + 2/6 + 2/4 2/6) 

1 + 2/2 + 2/6 + 2/2 2/6 + 2/2 2/4 2/6 


2/4 2/6 
2/2 2/3 2/4 2/6 



1 + 2/2 + 2/6 + 2/2 2/6 + 2/2 2/4 2/6 
(1+2/6 + 2/4 2/6) 2/7 
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( y\ v-i j/4 ^ "T 

1 + 1/4 + 2/3 2/4 
2/5 



R 



KV) 



1+2/4 + 2/3 2/4 + 2/4 2/5+ 2/3 2/4 2/5 

(1 + 2/4 + 2/3 2/4 + 2/4 2/5 + 2/3 2/4 2/5) 2/6 
(1 + 2/4 + 2/3 2/4)(l + 2/4 + 2/4 2/5) 

2/3 2/4 2/5 

2/2 (1 + 2/4 + 2/3 2/4 + 2/4 2/5 + 2/3 2/4 2/5) 

^3 

1+2/4 + 2/3 2/4 + 2/4 2/5+ 2/3 2/4 2/5 
2/4 2/5 2/7 



\ 1 + 2/4 + 2/4 2/5 

We remark that the R-operator (12.91) can be also written as 

R = S2,5 -53,6 /^2 /i6 ^^4 /^2 /^6, 

and that we have 

53.5 ifJ'3 fJ'5 fJ"if = 1, 

52.6 (/i2/i6/i4) = 1- 



(2.13) 



(2.14) 



2.3 Braid Relation 

We generalize the quiver in Fig. [1] to that in Fig. [2l Therein also given is the trian- 
gulated surface, and an exchange matrix B is given by the rule (12. 8p as a generalization 
of (IZ7D. 




3i-l 



3n- 1 




3n+l 



Figure 2. Quiver and triangulated surface. 
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i 

Definition 2.2. By use of (12.91) . we define tlie R-operator R for i = 1, . . . ,n—l associated 
witii tlie quiver in Fig. [2] by 

i 

R = 534,34+2 S3j_i,3j+2 ■S3i,3j+3 /i3i+l /i3i-l /^3i+3 /^3i+l- (2.15) 

Note tiiat 

i 

R = ■S3j,3i+3 S3i_i,3i+2 ■53j,3j+2/i3J+l /^3J+2/^3j/^3i+l- (2.16) 

Tiie excliange matrix associated to Fig. [2] is invariant under tlie action of the R- 

i 

operators R^^. The explicit forms of the actions on the cluster variable x = 
{xi, X2,. . ., X3„+i) and the y-vaiiable y = {yi,y2, . ■ . , Vsn+i) are as follows. 

i 

R (a?) = (xi, . . . ,X3j_3, R (a;3j_2, . . . ,a;3j+4),X3j+5, . . . ,X3„-|.ij , (2-17) 

i 

^"^^(y) = {yi, • • • , ysi-s, ^^\y3i-2, • • • , ysi+i), y^i+b, • • • , ysn+i) , (2.I8) 

where R=''^(xi, . . . , xj) and R^^(yi, . . . ,y-j) are defined in (12.121) and (I2.13P respectively. 
Theorem 2.3. The R-operator satisfies the braid relation, namely we have 

i j+1 i i+1 i i+1 

R R R = R R R , fori = l,2,...,n-2, (2.19) 

RR = RR, for\i-j\>l. (2.20) 

Proof. The second equality is trivial. 

12 1 2 12 

It is sufficient to check RRR = RRRon the cluster variable (xi,...,Xio) with the 
exchange matrix associated to Fig. [2] with n = 3. By direct computation, we can check 

12 1 2 12 

that both actions, R R R and R R R, result in the following same expressions, 

X1X2X4XQXS + XiXsX^XjXg + X3X4X5XtXs + a;ia;2X6X7X8 + xiX2a;4X5X9 

X2X4X^Xj 

X\X2X/^XqX'jX% -\- X1X3X5X7 Xg -|- X^X^X^X-y Xg -|- XiX23;ga;7 Xg -|- XiX2X4XgXgXio 
X2X4X5X7X9 ' 

+ XiX3X5X7XgXio + X3X4X5X7XgXio + XiX2X6X7XgXio + X1X2X4X5X9X10) , 

XqXjXs + XeXgXio + X5X9X10 X1X3X5 + X3X4X5 + X1X2X6 
X7X9 ' X2X4 

(xiX3X4X6X7Xg + X3X4^X6X7X8 + XiX3X4X6XgXio + X3X4^X6XgXio + XiX3X4X5X9Xio 

X2X4X6X7X9 

2 \ 

-|- X3X4 X5X9X10 + X1X3X5X7X9X10 ~l~ X3X4X5X7X9X10 ~l~ XiX2XgX7X9Xio ) , 

X3X4X6X7Xg + X3X4X6X8X10 + X3X4X5X9X10 + X3X5X7X9X10 + X2X6X7X9X10 

) 2:3, Xio 

X^X^XjXg 

Actions on the y-variables are induced from these actions. 

This completes the proof. D 



^ ' 2_i„„„„2„i .2 



See also [IJ], where used is a similar construction of solution of the Yang-Baxter 
equation. 
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3. Hyperbolic Geometry 



3.1 Ideal Tetrahedron 



A building block of hyperbolic 3-nianifold is an ideal tetrahedron whose vertices are 
on the boundary of a hyperbolic 3-space 22|. An ideal hyperbolic tetrahedron A is 
parameterized with cross-ratio 2; G C of its four vertices, and the volume of A is given 
by the Bloch-Wigner function, 

D{z) = Q U2iz) + arg(l - z) log \z\ . (3.1) 

As depicted in Fig. [31 opposite edges have the same dihedral angles. Therein we have 
used notations, 

1 „ 1 



1- 



(3.2) 





Figure 3. An oriented ideal tetrahedron (left), and a triangle as inter- 
section with horosphere (right). 



In case that a set of ideal tetrahedra {A,^} is glued faces together to a hyperbolic 
manifold M = |J^ A^, the volume of M is given by 

Vol(M) = ^D(2^). (3.3) 



A complexification of Vol(M) known as a complex volume is defined with the Chern- 
Simons invariant CS(M). We have 20 1 

i (Vol(M) + i CS(M)) = J2 sgn(A.) L {[z,; p,, q,]) , (3.4) 

V 

where yzy.'py, qj\ is an element of the extended Bloch group with integers p^ and q^, and 
sgn(A,y) is +1 (resp. —1) when the vertex ordering of l\y is same (resp. inverse) with 
Fig. [31 We have used the extended Rogers dilogarithm function 

1 TT i TT^ 

L([2;;p,g]) =112(2;) + -log2;log(l - z) + — (glog2; + plog(l - z)) - --. (3.5) 

2 2 



A method to compute py and qy was proposed in 25|. For an oriented ideal tetrahedron 
of modulus z in Fig. [31 let Cah be complex parameters on edge connecting vertices Va and 
V}j. Assume that they fulfill 



C03 C\2 
C02 Ci3 



±2, 



Coi C23 _|_ / 1 ^ 
Cos C12 



C02 Cl3 
Coi C23 



(3.6) 
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Note that, in gluing tetrahedra together, identical edges have the same complex param- 
eter. Then [z;p, q], integers p and q for modulus z, is given by 

log Z + J9 Vr i = log Co3 + log Ci2 - log Co2 - log Ci3, 
- log(l - Z) + g TT i = log Co2 + log Ci3 - log coi - log C23. (3.7) 



3.2 Octahedron 



In our previous paper ^], we demonstrated that the cluster mutation can be regarded 
as an attachment of ideal tetrahedron to triangulated surface (see also 18|). Furthermore 
we claimed that the cluster variable x corresponds to Zickert's complex parameters Cab 
on edges. 





Figure 4. Octahedron for R (left) and R ^ (right) 



Based on this observation, we see that the R-operator (12. 9p is realized as an octahedron 
in Fig. m which is composed of four tetrahedra { A^r, A^, Aw, A^;}. The four tetrahedra 
originate from four mutations in the R-operator, (12. 9p and (I2.10p . In octahedra, the 
cluster variables Xk and Xk defined by 

x = R^\x), 
are assigned to edges, and we have used 

(3.8) 






X2 xe + X3 X5 



X4 



Note that we have fixed vertex ordering for our convention, and that edges with the same 
complex parameters {e.g., two pairs of edges fo-f2, Vi-v^) are identical. 



As the R-operator satisfies the braid relation (Theorem 12.31) . we can interpret that 
each octahedron is assigned to every crossing of knot diagram as in Fig. O This reminds 
a fact l21| that octahedron was assigned to the Kashaev R-matrix 12(] (see also, [jj, y, 

id . |23| ) . Note that another expression (12.141) of the same R-operator corresponds to 



a decomposition of octahedron into five tetrahedra, which was used in studies of the 
colored Jones R-matrix at root of unity [2|, |21[ . 
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Ah/ J^iAi 





Figure 5. Dihedral angle at crossings, R (left) and R ^ (right). 

R R-i 



A Volume sgnfA) za sgnfA) z, 



1 - ^A 1 - ^A 





A^ 




— 


X2Xe 
X3X5 


3:33:5 

X4Xc 


+ 


3:33:5 

X2Xe 


X2X6 


As 


D i-m) 


— 


X3X5 
X3X5 


3:33:5 

X4^Xc 


+ 


X2 Xq 

X2Xe 


X2 Xq 


Aw 


D — 

\yij 


+ 


3:23:3 
3:33:5 


3:3 3:5 
XiXc 


— 


3:23:3 
3:23:6 


X2 Xq 
XiXc 


Ae 


D — 

KyiJ 


+ 


x^xe 
3:33:5 


X3 X5 
XcXi 


— 


X5X6 
X2X6 


X2XQ 



Table 1. Moduli of four tetrahedra assigned to operators R and R~^. Sgn 
"+" (resp. "— ") means that vertex ordering of tetrahedron is same (resp. 
inverse) with Fig. [31 



Taking into account of the vertex ordering of tetrahedra, we can determine moduli 
of each tetrahedron from (13. 6 p as in Table [TJ From these results, we define dilogarithm 
functions for every crossing by 

L([R^'])= E sgn(A,)L([^A.;PA„gAj). (3.9) 

t£{N,S,W,E} 

Here integers pAt and gAt are given from (13. 7p by use of Table [H For instance, pae and 
q^E ill the operator R are given as 

PAe vt i = - log ( -^— ^ ) + log(x5) + log(x6) - log(a:3) - log(x5), 
V3;3 3:5/ 

^—^ + log(a:3) + log(x5) - log(a:c) - log(x7). 

It should be remarked that, to identify the R-operator with a hyperbolic octahedron, 
we need a consistency condition around a central edge labeled by Xc in Fig. HI This 
condition is automatically satisfied by 

yi Vi yj = yi m m, 

where y = R^^{y) (I2.13p . In Fig. [5] denoted are dihedral angles around central axis 
assigned to each crossing. 
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3.3 Braid Group Presentation and Gluing Conditions 



Our main claim is the following. 

Theorem 3.1. Let knot K have a braid group presentation <^k^ CFk^ ■ ■ -(^kZ" , wh 
6j = ±1 and 



ere 



Bn = ( 0"i,cr2, . . . ,cr. 



>n-l 



aiCj = ajCi for \i — j\ > 1 
aiCi+iCTi = o-i+iCTiCTi+i for i = 1,2,. . .,n- 2 



We define a cluster pattern for x[j] = {x[j]i, . . . , x[j]3„+i) by 



fcl fc2 km 

x[l\ > x[2\ — > ■ ■ ■ > x[m + IJ 



(3.10) 

with the exchange matrix associated to Fig. We assume that the initial cluster variable 
x[l] satisfies 

x[l]=x[m + l]. (3.11) 

Then there exist an algebraic solution of 03. lip such that the complex volume of K is 
given by 



i (Vol(^=^ \ K) + iCS(^=^ \ K)) = J2H[^"'])- 

i=i 



(3.12) 





^[1] 
;r 




Figure 6. Gluing of octahedra (left) assigned to crossing (right top), and 
a developing map (right bottom). A consistency condition is read from a 
red circle. 

To prove this theorem, we need to check consistency condition as [ll, l8| . 

We have already seen that a consistency condition around a central axis of octahedra 
is fulfilled. We shall check other cases. First we study a cluster pattern 

1 2 

x[l] 4 x[2] 4 x[3]. 
For each crossing we assign octahedra as in Fig. [61 Therein colored faces are glued 
together so that identical edges have the same complex parameters. Note that 02.12p 
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implies xpjg = x[l]3 and x[l]7 = x[2]y, and that 

Ml _ X[1]2 X[1]6+X[1]3X[1]5 
X[i-\c — 



x[2l 



x[2]5x[2]g + x[2]ex[2], 



x[l]4 ' ' ' x[2]7 

Consistency condition around edge labeled by complex parameter x[2]^ is checked as 

^ ^- 1 ^ (1 + y[2]r) ■ ^^^ = I. 



l-yMl \^ ' y[2U 
^ y[i]7 ^ ^^ ^^ 



1 



yjSU 
y[2]4 




y\ 



X 



x[l] 
x[3] 




Figure 7. Gluing of octahedra (left) assigned to crossing (right top), and 
a developing map (right bottom). A consistency condition is read from a 
red circle. 



Same is a case of a cluster pattern 



1 2 

x[l] -^ x[2] ^ x[3]. 



We have octahedra as in Fig. [TJ and we can check a consistency condition in the devel- 
oping map as 



^_yEi 



y[2]rj l + y[2]. 






1. 



2^[2]7 



A completeness condition follows from alternating crossings. In the case that the 
cluster pattern is given by 

1 2 

x[l] ^x[2] ^x[3], 

octahedra are attached to each crossing as in Fig. [HI See that identical edges have same 
complex parameters x[2]q = x[l]3 and x[l]7 = x[2]y due to 02.12p . Then we can check 
the completeness condition as 



mi 

?/[l]7 



Here the last equality follows from (12. 4p . 



yl3]4 



1. 



12 
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Figure 8. Gluing of octahedra (left) assigned to crossing (right top), and 
a developing map (right bottom). A completeness condition is read from 
a red curve. 






x[l] 

;r- 

x[3] 



x[l] 

;R-i 

x\2] 



iR 

x[S\ 



Figure 9. Gluing of octahedra (left) assigned to crossing (right top), and 
a developing map (right bottom). 
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We have Fig. |9] for a cluster pattern 



1 2 



By use of fl2.4p . we have a completeness condition 



l + l/[2]4 l + 2/[2]7 

= 1. 

Other cases can be checked in a similar manner, and we can conclude that the R- 
operator is interpreted as a hyperbolic octahedron as in Fig. HI This fact supports (13.121) . 
and completes a proof. 

We should note that the completeness condition is endowed from 

y[l\ii-iy[l\zi = l, for i = l,2,...,n. (3.13) 

4. Examples 

4.1 Figure-eight knot 4i 

We study the figure-eight knot whose braid group presentation is Oi a2~^ oi o-2~^. The 
cluster pattern for 4i is thus 

12 12 

x[l] 4 x[2] ^ x[3] 4 x[4] ^ x[5]. 
We can check that a;[l] = a; [5] is fulfilled by, for example, 

X[l] = (xi, X2, X2, 1, Xi X2, X^ X2-, Xi, -X2, -X2, l) , 

where (xi,X2) = (e^'"^/'^, 0). To compute the complex volume of 4i, we set (xi,X2) = 
^g27ri/3 _|_ ^^ ^^ ^j^]^ ^ ^ ^->o, and take a limit 5 — )■ at the last. We have checked 



numerically that flXT^ gives i ■ 2 L'(e'''/^) = i ■ 2.02988 ■ ■ ■ as desired |22 

4.2 Trefoil knot 3i 

We observe that Theorem 13.11 can be also applied to the trefoil knot 3i, which is not 

hyperbolic. The braid group presentation for 3i is a^ , and its cluster pattern is 

111 
x[l] ^x[2] 4a;[3] 4 a; [4]. 

We solve x\i\ = x[A] by choosing an initial cluster variable as 

x[l] = {l,x,-x,l,-x\lA), (4.1) 



and get x = Mi^. We check numerically that (I3.12p gives -8.22467- ■■ ~ -f^r^. It 
agrees with the Chern-Simons invariant of 3i, which is also given from asymptotic limit 



of the Kashaev invariant Ijj, 15, 24 . 
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